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Field dependent quasipartiles in the innite dimensional Hubbard model
J. Bauer and A.C. Hewson
Department of Mathematis, Imperial College, London SW7 2AZ, United Kingdom
(Dated: November 10, 2018)
We present dynamial mean eld theory (DMFT) results for the loal spetral densities of the one-
and two-partile response funtions for the innite dimensional Hubbard model in a magneti eld.
We look at the dierent regimes orresponding to half-lling, near half-lling and well away from
half-lling, for intermediate and strong values of the loal interation U . The low energy results are
analyzed in terms of quasipartiles with eld dependent parameters. The renormalized parameters
are determined by two dierent methods, both based on numerial renormalization group (NRG)
alulations, and we nd good agreement. Away from half-lling the quasipartile weights, zσ(H),
dier aording to the spin type σ =↑ or σ =↓. Using the renormalized parameters, we show that
DMFT-NRG results for the loal longitudinal and transverse dynami spin suseptibilities in an
arbitrary eld an be understood in terms of repeated sattering of these quasipartiles. We also
hek Luttinger's theorem for the Hubbard model and nd it to be satised in all parameter regimes
and for all values of the magneti eld.
PACS numbers: 72.15.Qm, 75.20Hr, 73.21.La
I. INTRODUCTION
A feature of strongly orrelated eletron systems, suh
as heavy fermions, is their sensitivity to an applied mag-
neti eld, whih makes a magneti eld a useful exper-
imental probe of strong orrelation behavior. A man-
ifestation of this sensitivity is the very large paramag-
neti suseptibility observed in these systems. In terms
of Fermi liquid theory, the large paramagneti susep-
tibility an be interpreted as due to quasipartiles with
exeptionally large eetive masses. These large eetive
masses arise from the sattering of the eletrons with the
enhaned spin utuations indued by the strong loal
Coulomb interations. An applied magneti eld sup-
presses the spin utuations ausing a redution in the
eetive masses, whih an be seen experimentally in de
Haas-van Alphen measurements
1,2
. Not only do the ee-
tive masses depend on the magneti eld, they may also
dier for the spin up and spin down eletrons
3,4
. Another
feature that reets the enhaned sensitivity to an ap-
plied eld is metamagneti behavior, where the spin sus-
eptibility χ(H) in a nite eld H inreases with the eld
strength suh that dχ(H)/dH > 0, whih has been ob-
served in some heavy fermion ompounds
5
. This an be
understood in terms of an inrease in the eetive mass
for larger elds opposite to the eet desribed above.
It is related to the fat that strong magneti elds an
indue loalization in narrow ondution bands as pre-
dited theoretially
6,7,8
. This has been observed experi-
mentally, for instane, in quasi-two dimensional organi
ondutors
9
.
A lattie model whih an mimi many of these eets
is the single band Hubbard model. It has played a similar
role for lattie models as the Anderson model for impu-
rity models, being the simplest model of its type, where
the interplay of kineti energy and strong loal intera-
tions an be studied. Here we are interested in studying
the magneti response of this model for dierent inter-
ations and llings. The alulations are based on the
dynamial mean eld theory (DMFT) with the numer-
ial renormalization group (NRG) to solve the eetive
impurity problem. We present results for the loal spe-
tral densities and spin dynamis in parameter regimes
at half lling and for nite hole doping, where dierent
responses to the magneti eld an be observed.
We interpret the low energy results in terms of quasi-
partiles whih are haraterized by eld dependent
renormalized parameters. The approah is similar to
that used earlier
10,11
for the Anderson model in a mag-
neti eld. We dedue the renormalized parameters by
two dierent methods based on the NRG alulations.
These parameters an be used to dene a free quasipar-
tile density of states, whih gives the asymptotially ex-
at spetral behavior for low energy. The eets of the
interations between these quasipartiles an be taken
into aount using a renormalized perturbation theory
(RPT)
12,13
. It was shown earlier that a very good de-
sription of the T = 0 spin and harge dynamis for the
Anderson model in the Kondo regime an be obtained
by summing the RPT diagrams for repeated quasipar-
tile sattering
14
. Here we extend these RPT alula-
tions for the spin dynamis to the lattie ase and show
that we an also understand the DMFT-NRG for the lo-
al dynami spin suseptibilities in terms of quasipartile
sattering.
II. DYNAMICAL MEAN FIELD APPROACH
AND RENORMALIZED PARAMETERS
The Hamiltonian for the Hubbard model in a magneti
eld in the grand anonial formulation is given by
Hµ =
∑
i,j,σ
(tijc
†
i,σcj,σ + h.c.)−
∑
iσ
µσniσ + U
∑
i
ni,↑ni,↓,
(1)
2where tij are the hopping matrix elements between sites
i and j, U is the on-site interation; µσ = µ+ σh, where
µ is the hemial potential of the interating system, and
the Zeeman splitting term with external magneti eld H
is given by h = gµBH/2, where µB is the Bohr magneton.
We are dealing with the one s-band Hubbard model here,
so no oupling of the eld to angular momentum states
has to be inluded.
From Dyson's equation, the Green's funtion Gk,σ(ω)
an be expressed in the form,
Gk,σ(ω) =
1
ω + µσ − Σσ(k, ω)− ε(k)
, (2)
where Σσ(k, ω) is the proper self-energy, and ε(k) =∑
k
e−k·(Ri−Rj)tij . The simpliation that ours for the
model in the innite dimensional limit is that Σσ(k, ω)
beomes a funtion of ω only15,16. In this ase the loal
Green's funtion Glocσ (ω) an be expressed in the form,
Glocσ (ω) =
∑
k
Gk,σ(ω) =
∫
dε
D(ε)
ω + µσ − Σσ(ω)− ε
, (3)
whereD(ε) is the density of states for the non-interating
model (U = 0). It is possible to onvert this lattie prob-
lem into an eetive impurity problem
17
. We introdue
the dynamial Weiss eld G−10,σ(ω) and write the Green's
funtion in the form
Glocσ (ω) =
1
G−10,σ(ω)− Σσ(ω)
, (4)
whih is equivalent to
G−10,σ(ω) = G
loc
σ (ω)
−1 +Σσ(ω). (5)
The Green's funtion Glocσ (ω) an be identied with the
Green's funtion Gσ(ω) of an eetive Anderson model,
by re-expressing G−10,σ(ω) as
G−10,σ(ω) = ω + µ+ σh−Kσ(ω), (6)
so that
Gσ(ω) =
1
ω − εdσ −Kσ(ω)− Σσ(ω)
, (7)
with εdσ = −µσ. The funtion Kσ(ω) plays the role of
a dynamial mean eld desribing the eetive medium
surrounding the impurity. In the impurity ase in the
wide band limit we have Kσ(ω) = −i∆. Here, as an
be seen from equations (5) and (4), Kσ(ω) is a funtion
of the self-energy Σσ(ω), and hene depends on σ. As
this self-energy is identied with the impurity self-energy,
whih will depend on the form taken forKσ(ω), it is lear
that this quantity has to be alulated self-onsistently.
Starting from an initial form for Kσ(ω), Σσ(ω) is alu-
lated using an appropriate 'impurity solver' from whih
Glocσ (ω) an be alulated using equation (3), and a new
result for Kσ(ω) from equations (5) and (6). This Kσ(ω)
serves as an input for the eetive impurity problem and
the proess is repeated until it onverges to give a self-
onsistent solution. These equations onstitute the dy-
namial mean eld theory (DMFT), and further details
an be found in the review artile of Georges et al.
17
.
We need to speify the density of states D(ω) of the
non-interating innite dimensional model, whih is usu-
ally taken to be either for a tight-binding hyperubi or
Bethe lattie. Here we take the semi-elliptial form or-
responding to a Bethe lattie,
D(ε) =
2
piD2
√
D2 − (ε+ µ0)2 (8)
where 2D is the band width, with D = 2t for the Hub-
bard model, and µ0 the hemial potential of the free
eletrons. We hoose this form, rather than the Gaus-
sian density of states of the hyperubi lattie, as it has
a nite bandwidth.
Before onsidering in detail the methods of solving
these equations, we look at the form of these equations
in the low energy regime, where we an give them an in-
terpretation in terms of renormalized quasipartiles. We
assume that we an expand Σσ(ω) in powers of ω for
small ω, and retain terms to rst order in ω only. Sub-
stituting this expansion into the equation for the loal
Green's funtion gives
Gloc0,σ(ω) = zσ
∫
dε
D(ε/zσ)
ω + µ˜0,σ +O(ω2)− ε
, (9)
where
µ˜0,σ = zσ(µσ−Σσ(0)), and zσ = 1/[1−Σ
′
σ(0)]. (10)
We have assumed the Luttinger result that the imaginary
part of the self-energy vanishes at ω = 0. As the Green's
funtion in equation (9) has the same form as in the
non-interating system, apart from the weight fator zσ,
we an use it to dene a free quasipartile propagator,
G˜loc0,σ(ω),
G˜loc0,σ(ω) =
∫
dε
D(ε/zσ)
ω + µ˜0,σ − ε
. (11)
We then interpret zσ as the quasipartile weight. We
will refer to the density of states ρ˜0,σ(ω) derived from
this Green's funtion via ρ˜0,σ(ω) = −ImG˜0,σ(ω + iδ)/pi
as the free quasipartile density of states (DOS). For the
Bethe lattie, the quasipartile DOS takes the form of a
band with renormalized parameters,
ρ˜0,σ(ω) =
2
piD˜2σ
√
D˜2σ − (ω + µ˜0,σ)
2, (12)
where D˜σ = zσD. We an also dene a quasipartile o-
upation number n˜0σ by integrating this density of states
up to the Fermi level,
n˜0σ =
0∫
−∞
dω ρ˜0,σ(ω). (13)
3With a generalization of Luttinger's theorem
18
for eah
spin omponent it is possible to relate this free quasi-
partile oupation number n˜0σ to the expetation value
of the oupation number nσ in the interating system
at T = 0. Using the quasipartile density of states in
equation (12), we an rewrite equation (13) as
n˜0σ =
∞∫
−∞
dε D(ε)θ(µσ − Σσ(0)− ε), (14)
where θ(ε) is the Heaviside step funtion and D(ε) as
given in equation (8). Assuming Luttinger's result for
eah spin omponent, the right-hand side of equation (14)
is equal to nσ. We then have the result,
n˜0σ = nσ, (15)
that the oupation for eletrons of spin σ is equal to the
number of free quasipartile of spin σ, as alulated from
equation (13). It should be noted that there is no simple
generalization of the h = 0 result, µ− µ0 = Σ(0), in the
spin polarized ase.
To solve the DMFT equations we need an 'impurity
solver', and the most ommonly used are the quantum
Monte Carlo, the exat diagonalization (ED) method and
the NRG, all of whih have advantages and disadvan-
tages. Here we use the NRG approah as it is the most
aurate method for alulations at T = 0 and for the
low energy exitations. There has been a DMFT study
of the stati properties of a half-lled Hubbard model in
a magneti eld using the ED method by Laloux et al.
7
.
The fous of our paper here, however, is rather dierent
so there is little overlap with this earlier work but, where
there is, we make omment and ompare with their re-
sults.
To evaluate the renormalized parameters, zσ and µ0,σ,
whih speify the form of the quasipartile DOS, we use
two dierent methods based on the NRG approah. The
rst method is a diret one, where we use the NRG deter-
mined the self-energy Σσ(ω) and the hemial potential
µσ, and then substitute into equation (10) for zσ and
µ0,σ. The seond method is indiret, and makes no ref-
erene to the self-energy. It is based on the quasipartile
interpretation of the NRG low energy xed point of the
eetive impurity. To explain this approah we need to
onsider in a little detail how the NRG alulations are
arried out.
In the NRG approah
19
the ondution band is log-
arithmially disretized and the model then onverted
into the form of a one dimensional tight binding hain,
oupled via an eetive hybridization Vσ to the impurity
at one end. In this representation Kσ(ω) = |Vσ |
2g0,σ(ω),
where g0,σ(ω) is the one-eletron Green's funtion for the
rst site of the isolated ondution eletron hain. As
earlier, we expand the self-energy Σσ(ω) to rst order in
ω, and then substitute the result into equation (7). We
then dene a free quasipartile propagator, G˜0,σ(ω), for
the impurity site as
G˜0,σ(ω) =
1
ω − ε˜dσ − |V˜σ|2g0,σ(ω)
, (16)
where
ε˜dσ = zσ(εdσ +Σσ(0)), |V˜σ|
2 = zσ|Vσ|
2, (17)
In the DMFT approah we identify G˜0,σ(ω) with the loal
quasipartile Green's funtion for the lattie (11),
G˜loc0,σ(ω) = G˜0,σ(ω), (18)
whih speies the form of g0,σ(ω) in (16) and yields
µ˜0,σ = −ε˜dσ. By tting the low energy single parti-
le exitations found in the NRG results to the poles of
this Green's funtion, we an dedue the parameters ε˜dσ
and V˜σ, as has been explained in earlier work
20
. The
quasipartile weight zσ is then obtained from the re-
lation zσ = |V˜σ/Vσ|
2
in equation (17), and µ˜0,σ from
µ˜0,σ = −ε˜dσ.
Using the DMFT-NRG approah we an alulate the
spetral densities for the loal two-partile response fun-
tions, as well as single-partile ones. The main inter-
est here will be in the loal longitudinal and trans-
verse dynami spin suseptibilities, χl(ω) and χt(ω).
Having alulated the renormalized parameters, whih
desribe the free quasipartiles, we an ompare the
DMFT-NRG results for the dynami suseptibilities with
the orresponding quantities alulated via a renormal-
ized RPA-like treatment that takes aount of repeated
quasipartile-quasihole sattering. This approah has
been desribed fully elsewhere for the Anderson impurity
model
11,14
. The alulations here proeed along similar
lines as for the eetive impurity model. The equation
for the transverse suseptibility is
χt(ω) =
χ˜↑↓(ω)
1− U˜t(h)χ˜↑↓(ω)
, (19)
where χ˜↑↓(ω) is transverse suseptibility alulated using
the free quasipartiles density of states given in equation
(12), and U˜t(h) is the irreduible quasipartile interation
in this hannel. For the Anderson model it was possible
to alulate U˜t(h) in terms of the renormalized on-site
interation U˜ . Though it is possible in the lattie ase to
alulate U˜ , we have no way of deduing U˜t(h) from it
sine unlike in the impurity ase we do not have an exat
expression for χt(0) in terms of U˜ . We determine it to t
the DMFT-NRG result for Reχt(ω) at the single point
ω = 0. The orresponding result for the longitudinal
suseptibility χl(ω) is
χl(ω) = (20)
χ˜↑↑(ω, h) + χ˜↓↓(ω, h) + 4U˜l(h)χ˜↑↑(ω, h)χ˜↓↓(ω, h)
2(1− 4U˜2l (h)χ˜↑↑(ω, h)χ˜↓↓(ω, h))
,
where the suseptibilities χ˜σσ(ω) are those for the free
quasipartiles, and U˜l(h) is determined by tting the
DMFT-NRG result for Reχl(0).
4Having overed the basi theory, we are now in a po-
sition to survey the results for the Hubbard model in
dierent parameter regimes.
III. RESULTS AT HALF-FILLING
We present the results at half-lling for three main
parameters regimes where we nd qualitatively dierent
behavior. The results in all ases will be for a Bethe
lattie with a band width W = 2D = 4, setting t = 1
as the energy sale. The loal spetral densities are al-
ulated from equation (3) using the NRG dedued self-
energy
21
. In the evaluation of all NRG spetra we use
the improved method
22,23
based on the omplete Anders-
Shiller basis
24
. In onentrating on the eld indued po-
larization, we do not inlude the possibility of antiferro-
magneti ordering. The regimes are (a) a relatively weak
oupling regime where U is smaller than the band width,
(b) an intermediate oupling regime with W < U < Uc,
where Uc is the value at whih a Mott-Hubbard gap de-
velops in the absene of a magneti eld (Uc ≈ 5.88)
25
,
and () a strong oupling regime with U > Uc.
A. Weakly orrelated regime
The rst plot in gure 1 gives the spetral densities for
the majority spin eletrons ρ↑(ω) for various magneti
eld values in the weakly orrelated regime, U = 2.
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FIG. 1: (Color online) The loal spetral density for the ma-
jority spin ρ↑(ω) for U = 2 and various elds h.
We an see learly that, for inreasing magneti eld,
more and more spetral weight is shifted to lower ener-
gies (the opposite happens for the other spin omponent,
whih is not displayed here). Above h ≃ 1.0 the system
is ompletely polarized, 2m = 1. This extreme high eld
limit orresponds to a band insulator. There is a gap of
the magnitude ∆g(h) = 2h+ U −W between the upper
(minority) and lower (majority) bands, whih both have
the semi-elliptial form as for the non-interating system
with W = 4. At this point dynami renormalization
eets have vanished. The inverse of the quasipartile
weight zσ(h), whih orresponds to the enhanement of
the eetive mass m∗σ(h) = m/zσ(h), is shown as a fun-
tion of h in gure 2.
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FIG. 2: (Color online) The inverse of the quasipartile weight
zσ(h) alulated from the impurity xed point (FP) and di-
retly from the self-energy and the magnetization m(h) for
U = 2 and various elds h.
We alulated the values of zσ(h) using the two methods
desribed earlier. At half lling we have z↑(h) = z↓(h)
and we have plotted the average of the values for σ = ↑
and σ = ↓, whih is ompared for the two methods. The
deviation for the values for the dierent spins is only
due to small numerially inauraies and is less than
2%. The method based on analyzing the exitations of
the impurity xed point (FP) is only appliable in the
metalli regime and when the system is not ompletely
polarized. From these results shown in gure 2 it an
be seen that the two sets of values are in good agree-
ment. The values of zσ(h) inrease from about 0.75 to 1,
whih orresponds to a progressive de-renormalization
of the quasipartiles with inreasing eld, as observed
earlier for the impurity model
10
. Sine the interation
term in the Hubbard model ats only for opposite spins
it is lear that there is no renormalization when the sys-
tem is ompletely polarized with one band fully oupied
and the other empty. The expetation value of the double
oupany 〈n↑n↓〉 dereases with inreasing eld, whih
further illustrates why the interation term beomes less
important for larger elds.
We an also follow the eld dependene of the renor-
malized hemial potential µ˜0,σ(h) as plotted in g-
ure 3. In the ase of partile hole symmetry we have
µ˜0,↑(h) = −µ˜0,↓(h), and similar to the ase for the quasi-
partile weight we have displayed the average of the up
and down spin values for eah method. Also here the de-
viation within one method is only due to small numerial
inauraies and less then 2%.
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FIG. 3: (Color online) The renormalized hemial potential
µ˜0,σ(h) alulated from the impurity xed point (FP) and
diretly from the self-energy for U = 2 and various elds h.
Again the agreement between the two methods of alu-
lation is very good over the full range of magneti elds.
Mean eld theory is valid for very weak interations, so
we ompare our results for µ˜0,σ(h) for U = 2 with the
mean eld value µ˜mf0,σ = µ+ σh− Un
mf
−σ in gure 3. The
results oinide for h = 0, when µ˜mf0,σ = 0 and when
the system beomes fully polarized at large eld values,
µ˜mf0,σ = −σ(U+h), but in general µ˜
mf
0,σ > µ˜0,σ(h). We also
ompare the mean eld (MF) result for the eld depen-
dene of the magnetization m(h) with the one obtained
in the DMFT alulation in gure 4.
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FIG. 4: The magnetization in the mean eld approximation
ompared with the DMFT result for U = 2 and for the full
range of magneti elds h.
The general behavior is similar, but the mean eld theory
without quantum utuations overestimates the magne-
tization, as one would expet.
B. Intermediate oupling regime
In the next plot in gure 5, where U = 5, we show
typial behavior of the loal spetral density in the inter-
mediate oupling regime.
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FIG. 5: (Color online) The loal spetral density for the ma-
jority spin ρ↑(ω) for U = 5 and various elds h.
Similar to the weak oupling regime, we nd a shift of
spetral weight towards lower energy for the majority
spin. There is, however, a dierene in the way this hap-
pens due to the initial three peak struture, namely the
quasipartile peak in the middle gets narrower for in-
reasing eld and nally vanishes in the polarized phase.
The quasipartile weight, whih is shown in gure 6, re-
ets this behavior by dereasing to zero with inreasing
eld signaling heavy quasipartiles. Here, as in the weak
oupling ase, we plot the average of the spin up and
down results for eah method. The deviations an be
larger here, espeially lose to the metamagneti transi-
tion.
When the material is polarized, zσ(h) reverts to 1, whih
orresponds to the band insulator as before. This ap-
proah to the fully polarized loalized state in high elds
ontrasts with that found in the weak oupling regime.
It gives rise to metamagneti behavior in this parameter
regime. To illustrate further the dierent response to a
magneti eld, the real part of the loal longitudinal dy-
nami spin suseptibility χl(ω, h) as a funtion of ω is
shown for various values of h in gure 7.
It an be seen that the loal suseptibility χloc(h) =
Reχl(0, h) in this regime inreases with h so that
∂χloc(h)/∂h > 0. This an also be seen in the urvature
of the magnetization shown in the inset of gure 6. This
is behavior harateristi of a metamagneti transition
and related to the magneti eld indued metal-insulator
transition. Laloux et al.
7
nd metamagneti behavior in
a similar parameter regime. There a omparison is made
with results from the Gutzwiller approximation, whih
gives suh a behavior already for smaller values of the
interation, and we refer to their paper for details.
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FIG. 6: (Color online) The inverse of the quasipartile weight
zσ(h) alulated from the impurity xed point (FP) and di-
retly from the self-energy for U = 5 and various elds h. The
inset shows the magnetization m(h).
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FIG. 7: (Color online) The real part of the loal longitudinal
dynami spin suseptibility for U = 5 and various elds h.
We an also hek the Luttinger theorem in a magneti
eld (15) by omparing the values of n˜0σ, dedued from
integrating the quasipartile density of states, with the
value of nσ alulated from the diret NRG evaluation in
the ground state. The results are shown in gure 8.
It an be seen that there is exellent agreement between
the results of these two dierent alulations, n˜0σ = nσ,
so that Luttinger's theorem is satised for all values of
the magneti eld in this intermediate oupling regime.
Having dedued the renormalized parameters of the
quasipartiles from the NRG results, we are now in a po-
sition to test how well we an desribe the low energy
dynamis of this model in a magneti eld in terms of a
renormalized perturbation theory. It is of interest rst
of all to see how the free quasipartile density of states
ρ˜0,σ(ω) multiplied by zσ(h) ompares with the full spe-
tral density ρσ(ω). In gure 9 (upper panel) we make a
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FIG. 8: (Color online) The omparison of the spin dependent
oupation numbers n˜0σ and nσ orresponding to Luttinger's
theorem in a magneti eld for U = 5 and the range of elds
h.
omparison in the zero magneti eld ase.
We see that the quasipartile band gives a good represen-
tation of the low energy peak in ρσ(ω) and, as expeted,
does not reprodue the high energy features. These, how-
ever, to a fair approximation an be desribed by the
mean eld solution ρmf(ω) weighted with a fator 1− zσ
as an be seen in gure 9 (upper panel). A ase with
a nite magneti eld h = 0.15, where the peaks in the
density of states of the two spin speies are shifted due
to the indued polarization relative to the Fermi level, is
shown in gure 9 (lower panel). The gure fouses on the
region at the Fermi level and one an see that the free
quasipartile density of states desribes well the form of
ρσ(ω) in the immediate viinity of the Fermi level. It is to
be expeted that the frequeny range for this agreement
an be extended if self-energy orretions are inluded in
the quasipartile density of states using the renormalized
perturbation theory as shown in the impurity ase
26
.
We now ompare the NRG results for the longitudinal
and transverse loal dynami spin suseptibilities for the
same value U = 5 and a similar range of magneti eld
values with those based on the RPT formulae (20) and
(19). In gure 10 (upper panel) we show the imaginary
part of the transverse spin suseptibility alulated with
the two dierent methods.
It an be seen that RPT formula gives the overall form
of the NRG results, and preisely ts the gradient of the
NRG urve at ω = 0. Some of the relatively small dif-
ferenes between the results might be attributed to the
broadening fator used in the NRG results whih gives a
slower fall o with ω in the higher frequeny range, and
a slightly redued peak. We get similar good agreement
between the two sets of results for the same quantity for
the ase with a magneti eld h = 0.15, shown in gure
10 (lower panel).
In gure 11, where we give both the real and imagi-
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FIG. 9: (Color online) The free quasipartile density of states
in omparison with interating loal spetral density for U =
5 and h = 0 (upper panel). We have also plotted a thin
blak line for ρmf(ω) = [D(ω + U/2) +D(ω − U/2)]/2 whih
desribes the non-magneti mean eld solution and weighted
with 1− zσ . In the lower panel we have a similar omparison
for U = 5 and h = 0.15 onentrating on low energies.
nary parts of the transverse suseptibility for h = 0.19,
we see that this overall agreement is maintained in the
large eld regime where we get metamagneti behavior.
The shapes of the low energy peaks for both quantities
are well reprodued by the RPT formulae. Note that the
peak in the real part is not at ω = 0, so it is not xed
by the ondition that determines U˜t, but nevertheless is
in good agreement with the NRG results. Due to their
very small values it beomes diult to alulate zσ(h)
as the system approahes loalization for larger elds. In
this regime as zσ(h)→ 0 the free quasipartile density of
states will onverge to a delta-funtion. Self-energy or-
retions to the free quasipartile propagators, whih were
used in the alulation of χ˜σ,σ′(ω), will beome inreas-
ingly important as this limit is approahed. One the
system has undergone the loalization transition, and is
ompletely polarized, however, we nd that the values µ˜σ
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FIG. 10: (Color online) A omparison of the imaginary parts
of the transverse dynami spin suseptibility for U = 5 and
h = 0.0 (upper panel) and h = 0.15 (lower panel) alulated
using renormalized perturbation theory (RPT, full line) and
from a diret NRG alulation (dashed line).
(zσ(h) = 1) dedued from the self-energy give a quasipar-
tile density of states oiniding with the DMFT-NRG
result of an upper and lower semi-irular bands.
Results for the longitudinal suseptibility are shown in
gures 12 and 13. In gure 12 we give the values for the
real part as a funtion of ω for h = 0 and h = 0.15.
Here the peak height, whih is at ω = 0, is xed by
the ondition whih determines U˜l. The widths of the
peaks in the two sets of NRG results, however, are given
reasonably well by the RPT equations. The imaginary
part of the longitudinal suseptibility obtained by the two
methods is given in gure 13 for h = 0.15. Again there
is overall agreement between the two sets of results. The
slight undulations seen in the RPT results are due to the
sharp ut o in the band edges in the free quasipartile
density of states. For larger values of h the agreement
with the NRG results is not as good as that as for the
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FIG. 11: (Color online) The real and imaginary parts of the
transverse dynami spin suseptibility for U = 5 and h = 0.19.
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FIG. 12: (Color online) The real part of the longitudinal dy-
nami spin suseptibility for U = 5 and h = 0 and h = 0.15.
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FIG. 13: (Color online) The imaginary part of the longitudi-
nal dynami spin suseptibility for U = 5 and h = 0.15.
transverse suseptibility, and the entral peak in the real
part of the RPT results narrows more rapidly with h than
in those obtained from the diret NRG alulation.
C. Strong oupling regime
Finally we onsider the strong oupling regime with
U > Uc, where for h = 0 the spetral density has a Mott-
Hubbard gap so that for half-lling the system is an insu-
lator. The eletrons will be loalized with free magneti
moments oupled by an eetive antiferromagneti ex-
hange J ∼ t2/U . In elds suh that h > J , the system
polarizes ompletely as an be seen in gure 14 where we
show the total density of states ρ(ω) = ρ↑(ω)+ ρ↓(ω) for
h = 0 and h = 0.2.
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FIG. 14: (Color online) The total loal spetral density ρ(ω)
for U = 6 for h = 0 (dashed line), Mott insulator, and h = 0.2
(full line), fully polarized band insulator.
For smaller elds, suh that h < J , we do not nd a
onvergent solution to the DMFT equations, and the it-
erations osillate between loal states whih are either
ompletely full or empty. We interpret this as due to
the tendeny to antiferromagneti order whih in a weak
eld, due to the absene of anisotropy, will be almost
perpendiular to the applied eld in the x-y plane with a
slight anting of the spins in the z-diretion (spin opped
phase). In this alulation no allowane has been made
for this type of ordering, but this state an be well de-
sribed using an eetive Heisenberg model for the loal-
ized moments.
IV. RESULTS AWAY FROM HALF FILLING
After the extensive disussion of the behavior of the
Hubbard model in a magneti eld at half lling, we
want to ompare these results with the situation where
the system is doped with holes. As is well known, doping
retains the metalli harater of the system and one does
9not nd a paramagneti metal-insulator transition any-
more. Thus we do not nd distint regimes (a)-() any
longer. To illustrate the harateristis of the magneti
response for the doped system we fous on two ases, one
at quarter lling and one very lose to half lling.
A. Quarter Filled Case
First we ompare the results in the intermediate ou-
pling regime with U = 5 at half-lling with those at
quarter lling, x = 0.5. In the latter ase the Fermi level
falls in the lower Hubbard peak in the spetral density.
To see how the band hanges with inreasing magneti
eld we plot the density of states for both spin types, for
the majority spin eletrons in gure 15 (upper panel) and
for the minority spin eletrons in gure 15 (lower panel),
for various values of the magneti eld.
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FIG. 15: (Color online) The loal spetral density for the
majority spin ρ↑(ω) (upper panel) and for the minority spin
ρ↓(ω) (lower panel) for U = 5, x = 0.5 and various elds h.
In the majority spin ase the lower peak gains spetral
weight on the low energy side and the weight in the up-
per peaks dereases with inrease of the eld. For the
fully polarized ase (h > 0.4) the Fermi level, whih is
indiated by a dotted line, lies in the middle of the lower
band, whih has the non-interating semi-irular shape.
The opposite features an be seen in the minority spin
ase, with the spetral weight in the lower peak below
the Fermi level dereasing and the weight in the upper
peak inreasing. Thus the inrease of spetral weight be-
low the Fermi level for the majority spin eletrons, and
the derease for the minority spin eletrons, an be seen
to be due to a hange of band shape rather than a sim-
ple relative shift of the two bands, whih would be the
ase in mean eld theory. In the fully polarized state
there are no minority states below the Fermi level and
the upper peak in the majority state density of states
has disappeared.
The orresponding values for the inverse of the quasi-
partile weight 1/zσ(h) are shown in gure 16 for a range
of elds.
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FIG. 16: (Color online) The inverse of the quasipartile weight
zσ(h) alulated from the impurity xed point (FP) and di-
retly from the self-energy for U = 5, x = 0.5 and various
elds h. The magnetization m(h) is also displayed.
As noted in the impurity ase
11
, the quasipartile weights
dier for the two spin types with z↑(h) > z↓(h). The val-
ues of zσ(h) have been alulated, as desribed earlier,
both from the energy levels (FP) and from a numerial
derivative NRG derived self-energy. There is reasonable
agreement between the two sets of results, and the small
dierenes an be attributed to the unertainty in the nu-
merial derivative of the NRG self-energy. As observed in
the ase for the non-symmetri Anderson model
11
, there
is an initial derease of z↓(h) with inrease of h, whereas
z↑(h) inreases monotonially. This implies that the ef-
fetive mass of the majority spin eletrons dereases to
its bare value, whilst the eetive mass of the minor-
ity spin eletrons does not derease muh. The reason
for that is that in the polarized system the up eletrons
annot interat through the Hubbard interation term,
whereas a down spin eletron an interat with all the
up spin eletrons leading to an enhaned mass. The eld
dependene of the magnetization is also shown in gure
10
16, and is similar to the half-lled ase with a weak in-
teration (U = 2). We have alulated, but do not show,
the orresponding oupation values for n˜0σ whih again
agree well with the values of n˜σ, onrming Luttinger's
theorem in a magneti eld.
We give two examples of results for the suseptibilities
for this ase. In gure 17 (upper panel) we plot the real
and imaginary parts of the transverse suseptibility.
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FIG. 17: (Color online) The real and imaginary parts of the
transverse dynami spin suseptibility (upper panel) and of
the longitudinal dynami spin suseptibility (lower panel) for
U = 5, x = 0.5 and h = 0.1.
Despite the large value of U , we an see that the peak
heights are very muh redued ompared with those seen
in the half-lled ase for U = 5. The peak widths are
also an order of magnitude larger as an be seen from
the ω-sale. The RPT results reprodue well the overall
features to be seen in the NRG results, but we note some
disrepanies in the shape of the urve at larger frequen-
ies, where the RPT shows more pronouned features.
The real and imaginary parts for the longitudinal sus-
eptibility are shown in gure 17 (lower panel). Again
all the low energy features are reprodued in the RPT
results and dierenes are mainly seen for tails at larger
energies. In this regime, apart from the overall fator
of 2, there is less dierene between the transverse and
longitudinal suseptibilities than at half-lling.
Our onlusion from these results, and from alula-
tions with other values of U at quarter lling, is that
when there is signiant doping, the behavior in the
eld orresponds to a weakly orrelated Fermi liquid,
very similar to that at half-lling in the weak interation
regime. The only remarkable dierene in the presene
of a magneti eld is the spin dependene of the eetive
masses as shown in gure 16.
B. Near half lling
Very lose to half-lling and for large values of U we
have a qualitatively dierent parameter regime. Here the
system is metalli but we an expet strong orrelation
eets when U is of the order or greater than Uc, due
to the muh redued phase spae for quasipartile sat-
tering. We look at the ase with 5% hole doping from
half-lling and a value U = 6, whih is just greater than
the ritial value for the metal-insulator transition. We
show the spetral density of states for the majority spin
state in gure 18 (upper panel) and for the minority spin
state in gure 18 (lower panel) for various values of the
magneti eld.
There is a lear sharp quasipartile peak for h = 0 at the
Fermi level (marked by a dotted line) at the top of the
lower Hubbard band. As in the quarter lling ase with
U = 5, we see a similar transfer of spetral weight with
inreasing eld to below the Fermi level for the major-
ity spin ase, and above the Fermi level for the minority
spins. For large elds when the system is ompletely po-
larized the Fermi level lies lose to the top of the lower
band in the majority spin spetrum. One an see in the
lower panel that there is still a sharp narrow peak in
the spetral density of the minority spin states above the
Fermi level, though the spetrum for the majority states
below the Fermi level is that of the non-interating sys-
tem. A spin up eletron added above the Fermi level
feels no interation as the system is ompletely spin up
polarized so these eletrons see the non-interating den-
sity of states. On the other hand a spin down eletron
above the Fermi level interats strongly with the sea of
up spin eletrons. The self-energy due to sattering with
partile-hole pairs in the sea reates a distint resonane
in the down spin density of states just above the Fermi
level. Just suh a resonane was predited by Hertz and
Edwards
27
for a Hubbard model in a strong ferromag-
neti (fully polarized) state.
The eld dependene of the inverse of the quasipartile
weight is presented in gure 19.
Again we nd reasonable agreement between the two
methods of alulation for these quantities. The mag-
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FIG. 18: (Color online) The loal spetral density for the
majority spin ρ↑(ω) (upper panel) and for the minority spin
ρ↓(ω) (lower panel) for U = 6, x = 0.95 and various elds h.
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FIG. 19: (Color online) The inverse of the quasipartile weight
zσ(h) alulated from the impurity xed point (FP) and di-
retly from the self-energy for U = 6, x = 0.95 and various
elds h. The inset shows the magnetization m(h).
netization as a funtion of h is shown as an inset in the
same gure. The behavior of z↑(h) and z↓(h) as a fun-
tion of h ontrasts sharply with the behavior found for
the metalli state at half-lling with U = 5 shown in g-
ure 6. For zero eld the quasi-partile weight has a very
similar value in both ases. At half-lling the tendeny
of the magneti eld to indue loalization resulted in
values of z↑(h) and z↓(h) (z↑(h) = z↓(h)) whih derease
sharply as a funtion of h. In the 5% doped ase with
U = 6, the system must remain metalli and the quasi-
partiles weights, z↑(h) and z↓(h), both inrease in large
elds though their values dier signiantly. The quasi-
partile weight for the minority spin eletrons dereases
initially with inrease of h, whereas that for the majority
spins z↑(h) inreases monotonially and quite dramati-
ally with h. When the system beomes fully polarized
(h ≃ 0.26) the up spin eletrons beome essentially non-
interating, z↑(h) = 1, whereas there is a strong inter-
ation for a down spin eletron and we nd in this ase
z↓(h) ≃ 0.15. The interpretation for this is as given in the
previous paragraph for the spetral densities. On further
inreasing the magneti eld z↓(h) also tends to one, but
relatively slowly, as an be seen in gure 19. Note that
the results in this regime are based on the alulation
from the self-energy, as the method based on the xed
point analysis beomes diult to apply in this regime.
Laloux et al.
7
ompared the quasipartile weight at
half lling for the innite dimensional model with results
from the Gutzwiller approximation. The values for the
innite dimensional model were found to be signiantly
smaller than the Gutzwiller preditions, the ratio is more
than a fator of 2 for U > 4 and zero eld. Spaªek et
al.
4,28
have made preditions based on the Gutzwiller ap-
proah for situations away from half lling in nite eld,
z↑ 6= z↓. As in the study of Laloux et al.
7
our results for
z↑ and z↓ are signiantly smaller than the Gutzwiller
preditions.
For the fully polarized ase (h = 0.26) we show the
omparison of the weighted free quasipartile density of
states zσρ˜0,σ(ω) with the full spetrum ρσ(ω) in gure
20.
Note that the parameters µ˜0,σ and zσ in ρ˜0,σ(ω) are
purely derived from the NRG self-energy in this ase.
We an see that the dierent values for the eld depen-
dent quasipartile weight zσ(h) for up and down spin lead
to remarkably dierent quasipartile band shapes. With
z↑ ≃ 1 the majority spin quasipartile band is essentially
that of the non-interating density of states. The very
muh smaller value z↓ leads to a narrow quasipartile
band above the Fermi level. The low energy ank of this
quasipartile band desribes well the narrow peak seen
in the spetral density just above the Fermi level. To de-
sribe these strong asymmetries in the spetral densities
near half lling, we need z↑ ≫ z↓, whih ontrasts with
the ases at half lling suh as in gure 9 where always
z↑ = z↓. This suggests a disontinuous behavior of the
renormalization fators zσ on the approah to half lling.
Also for this ase we show plots for the two susepti-
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FIG. 20: (Color online) The free quasipartile density of states
in omparison with interating loal spetral density for U =
6, x = 0.95 and h = 0.26.
bilities for a eld of h = 0.15. In gure 21 (upper panel)
we give the real and imaginary parts of the transverse
suseptibility.
The low energy features are seen on an ω-sale an order
of magnitude smaller than that for quarter lling due to
the muh stronger renormalization eets in this regime.
There is exellent agreement both with the peak positions
and shapes between the NRG and RPT results for both
quantities. This is also seen to be the ase for the real and
imaginary part of the longitudinal suseptibility shown in
gure 21 (lower panel), though the peak in the real part
an be seen to be marginally narrower in the RPT results.
At the end of this setion, we onlude that already a
small doping of the system is enough to maintain a metal-
li harater even for very strong interation. Although
the zero eld spetra of the half lled ase for U = 5 and
the small doping ase with U = 6 display very similar
zero eld behavior, i.e. a strongly renormalized quasipar-
tile band with similar zσ, no eld indued loalization
transition ours for nite doping and no metamagneti
behavior is observed in the latter ase.
V. SUMMARY
In this paper we have used the DMFT-NRG method to
alulate the spetral densities for one-partile and two-
partile response funtions for the innite dimensional
Hubbard model in a magneti eld, for the qualitatively
dierent lling regimes and interation strengths. The
results extend earlier alulations of Laloux et al.
7
using
the ED method, whih were restrited to the ase of half-
lling. Our results there are on the whole onsistent with
this earlier work, exept in the insulating regime for weak
elds, where we ould not nd a onvergent solution of
the DMFT equations. We attributed this to the fat
that in this regime the magneti eld is smaller than the
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FIG. 21: (Color online) The real and imaginary parts of the
transverse dynami spin suseptibility (upper panel) and of
the longitudinal dynami spin suseptibility (lower panel) for
U = 6, x = 0.95 and h = 0.15.
exhange oupling between the loalized spins so that
the ground state would be one in whih the spins would
have a anted antiferromagneti ordering in the plane
perpendiular to the eld.
Well away from half lling we nd a magneti re-
sponse similar to the weakly orrelated ase even for
large values of U . The large phase spae for quasipar-
tile sattering in this regime leads to modest renormal-
ization eets. Here, we nd spin dependent quasiparti-
le weights, z↑(h) 6= z↓(h). This implies spin dependent
as well as eld dependent eetive masses, whih have
been disussed earlier in work by Spaªek et al.
4,28
and
Riseborough
29
. The alulations by Spaªek et al. were
based on a Gutzwiller
28
and a mean-eld slave boson
approah
4
. We an make a omparison of our results
(setion VI.B) near half lling, x = 0.95, with theirs in
the later work
4
. We nd a qualitatively similar behavior
with the majority spin eetive mass dereasing with h,
but quantitatively there are dierenes. The eld depen-
13
dene of the minority spin eetive mass 1/z↓(h) shows
a very slow inrease initially in both sets of results, but
the large eld behavior is quite dierent. As seen in g-
ure 19 we nd a signiant derease in 1/z↓(h) for large
elds whereas the orresponding quantity in gure 3 in
referene
4
inreases.
The strong magneti eld dependene of the eetive
masses found in the alulations by Riseborough is based
on the assumption that the system is lose to a ferromag-
neti transition (paramagnon theory). However, DMFT
alulations for the Hubbard model nd that any ferro-
magnetism in the Hubbard model only ours in a very
small region of the parameter spae near half-lling and
for very large values of U .30 Our results are well away
from this regime and the large eetive masses obtained
here an be attributed to the tendeny to loalization
rather than the tendeny to ferromagnetism.
Using the eld dependent renormalized parameters
zσ(h) and µ˜0,σ(h) in the RPT formulae for the dynami
loal longitudinal and transverse spin suseptibilities we
found agreement with the overall features to be seen in
the DMFT-NRG results for these quantities. In the ase
of the transverse spin suseptibility exellent agreement
was found in all the metalli regimes and for all val-
ues of the magneti eld onsidered, exept in the high
eld regime at half lling as the loalization point is ap-
proahed, where onsistent values of the renormalized
parameters are diult to alulate. The omparison
of the RPT results with those from NRG was also ex-
ellent for the longitudinal dynami suseptibility in the
weaker eld regime h ≤ 0.15 but less good for higher
elds, h > 0.15.
In all metalli parameter regimes a spin dependent
Luttinger theorem in the form nσ = n˜
0
σ, the number of
partiles equals the number of quasipartiles, was found
to be satised for all strengths of the magneti eld. In
this form it even holds in the fully polarized insulating
state.
Phenomena like eld and spin dependent ee-
tive masses and metamagneti behavior have been
observed experimentally in several heavy fermion
ompounds
2,3,5,31
. The Hubbard model, however, being
a one band model is not an appropriate starting point to
make a quantitative omparison with the heavy fermion
lass of materials. A periodi Anderson model with a two
band struture and inluding the degeneray of the f ele-
trons would be a better model to desribe these materials.
Field dependent eets in this model have been studied
by several tehniques, modied perturbation theory
32
,
exat diagonalization
33
, 1/N expansion34 and variational
approah
35
. The approah used here ould be general-
ized to the periodi Anderson model, but restrited to
the non-degenerate ase and N = 2 as it is omputa-
tionally too demanding in the NRG to deal with higher
degeneray. The Hubbard model at half lling has been
used as a lattie model to desribe the strongly renor-
malized Fermi liquid
3
He
6,7
. However, the metamagneti
behavior predited for relevant parameter regime is not
seen experimentally
36
. In setion VI.B we found for small
doping large eetive masses, but no metamagneti be-
havior. This raises the possibility that the weakly doped
Hubbard model ould serve as a basis for interpreting the
experimental results for liquid
3
He.
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